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We have determined the rj/r]' mixing angle and the regions of the aUowed admixture of the glueball component with 
J^ = '' in r) and r)' , based on transition form factors tj — > 77* and r)' -^ 77* at < Q^ < 20 GeV'^/c , and the branching 
ratio Ds — > r]lv/r)'lv. For r] and rj' wave functions, r) — cosa {cos9 nn — sinO ss)+sina G and rj' = cosa' (sin0' nn + cos9' ss) + 
sin a' G where nn = {uu + dd)/\/2 and G means a gluebaU, a shape of the aUowed region in the {6, a, a')-space is determined 
which is located inside the borders 0.56 < sin 61 < 0.66, sin^ a < 0.08, sin'^ a' < 0.12. This corresponds to 6p = —17.0° ± 2.6°. 
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The problem of a precise determination of the ry and 
T]' contents lies in the fact that these states have been 
considered for a long time as candidates for states with a 
significant admixture of glueball components. The actual 
presence of such mixing can be determined by analyzing 
extensive experimental information. The conventional 
way of determining the rj/ri' mixing angle from mass for- 
mulae suggests values in the range —22° < 9p < —10° 
{9p is the r]i/ris mixing angle 9 = 54.74°-|-6'p), depending 
on whether linear or quadratic mass formulae are used m . 
Experiments on meson transitions which involve 77 and rj' 
open a possibility of an alternative determination of the 
pseudoscalar mixing angle from form factor physics. 

We consider two different processes for a determination 
of the mixing angles: (i) transition form factors rj, rj — > 
77* at Q^ < 20 GeV^/c , including 77 and 77' partial decay 
widths into 77 which correspond to Q^ — 0, and (ii) 
semileptonic electroweak transitions D^ — > "qlv /ri'lv. 



I. TRANSITIONS rj -> 77* AND 77' 



77 



The approach developed in Refs. [^|J^ to the descrip- 
tion of elastic and transition form factors lies in taking 
into account a truly Strong-QCDR part and the 0{as) 
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corrections to the form factors; thus we can expect to 
give a reasonable description in the region of intermedi- 
ate momentum transfers. Our strategy is as follows. The 
accurate structure of the soft pion wave function is de- 
termined by fitting the data on elastic pion form factor 
[^ . Then, having determined the pion wave function, we 
extract the soft photon wave function from data on the 
7^0 _> -y-y* transition form factor; we find it to be pretty 
similar to the pion soft wave function H, quite in line 
with vector meson dominance. Furthermore, assuming 
universality of the wave functions of the ground-state 
pseudoscalar meson nonet, we have at hand the non- 
strange component of the 77 and 77' wave function. The 
main SU(3) breaking effect in the strange and nonstrange 
components of the meson wave functions comes from the 
mass difference of the nonstrange and strange quarks; 
hence we can also determine the wave function of the 
strange component. We thus calculate the 7^,77' -^ 77* 
transition form factors ||3[| and can analyze them by com- 
parison with the data. All lengthy technical details for 
the calculation of the elastic and transition form factors 
have been given in Refs. '^^ and will not be presented 
here. We only briefly outline the main steps. 

We split the meson wave function into soft and hard 
components, ^^ and '^^ such that ^^ is large at s = 
[irP' + fc^)/(a;(l — x)) < sq where s is the qq invari- 
ant energy squared and m is quark mass; ^^ prevails at 
s > So . The parameter sq is a boundary of the soft and 
hard regions and is expected to have the value of several 
GeV^. We perform the splitting of the wave function 
into the soft and the hard components using a simple 
step-function ansatz 



*^ - *s 0(^^ - s) + *« eis - so) 



(1) 



The hard component ^^ is represented as a convolu- 
tion of the one-ghion exchange kernel V"" with \1'| 
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thus one comes to the following expansion of the elastic 
pion form factor as a series in as'- 
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where F^^ is a truly Strong-QCD part of the form fac- 
tor, and F^ is an 0{as) term with one-gluon exchange. 
The first term dominates the pion form factor at small 
Q^. The second term gives a minor contribution at small 
Q^ but provides the leading as{Q'^)/Q'^ behaviour of the 
elastic form factor at large Q^. 

The soft wave function ^^ is responsible for the meson 
elastic form factor behaviour both at small and moder- 
ately large Q^. The value of sg and the soft wave function 
are variational parameters of this approach. 

Applying this strategy to the pion elastic form factor 
numerical analysis we have found sq = 9 GeV provides 
the best description of the data. This value corresponds 
to an extended soft region and thus we relate a large 
portion of the pion form factor to the soft contribution. 
Although particular values of the soft and hard contribu- 
tions to the form factor are model-dependent quantities 
we find that a good description of the form factor at small 
Q^ yields a substantial soft contribution to the form fac- 
tor at Q^ ~ 10 — 20 GeV^. It is convenient to represent 
^^ in terms of the relative momentum k'^ — {s — Am?)/ A 
GeV with m — 0.35 GeV as follows: 



\I/=: 



^^(fc2) 
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P + kI 
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where Kq = 0.1176 GeV^ |0]. The reconstructed wave 
function ipT^{l?) is shown in Fig. |l|a while Figs. ||a,b give 
the elastic pion form factor calculated with this wave 
function (experimental data from Ref. la]). 
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FIG. 2. a,b) Description of pion form factor with the 
pion wave function of Fig. hk; c) The quantity r^^o(Q^) = 
^a^rn'^F^ (Q^) and its description by the diagrams of Fig. H 
with photon wave function presented in Fig. nib. 

The soft component describes a hadronic qq structure 
of the soft photon just in the spirit of vector meson dom- 
inance and can be expected to have the same structure 
as the soft wave function of a meson. However, the hard 
component of the photon wave function has an important 
distinction compared with the hadron case: in addition to 
the perturbative tail of the soft part of the wave function 
Eq. (y) , the hard component of the photon wave function 
contains also a standard pointlike QED gg-component 
such that 
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The corresponding expansion of the photon-meson 
transition form factor has the form (see Fig. 0): 



F^ 
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where i^SH(i) _,_ ^sh(2) ^^^ 0{as) terms. 
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FIG. 1. The reconstructed wave functions of pion (a) and 
photon (b). 

Similarly, for the description of the photon-pion transi- 
tion form factor we introduced the photon qq wave func- 
tion and split it into soft and hard components as follows 




*^ = *S 0(so - s) + ^H 



(5) 



FIG. 3. Diagrams relevant to the description of the me- 
son-photon transition form factor at low and moderately high 
Q^: F^'^'-term (a), F-^P'-term (b), F^h^)-, FSH(2)-terms (c,d). 

At small Q^, the i^^^-part dominates the transition 
form factor. At large Q^, the soft-pointlike term F^^' 
gives the leading 1/Q^ falloff whereas the contribution 
of the 0{as) terms, F^^(i) + ^SH(2)^ jg suppressed by 
the additional factor a^: the behaviour of the photon- 
pion transition form factor differs from that of the elastic 
pion form factor where the soft-pointlike term is absent 



and the soft-hard terms dominate in the large-Q^ region. 
Representing 



Vj/"- 



i^-rik') = f. 
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we determine the ^^(k^) (Fig. J^b) from data on the 
7r° -^ 77* transition form factor m. Fig. Ec demonstrates 
the description of the data for the vr*' -^ 77* transition; 
the partial width for the decay 7r° -^ 77, F^^ = 7.23 eV, 
provides the normahzation of 77r° transition form fac- 
tor and, as result, normalises the photon wave function 

To calculate rj — > 77* and 77' — > 77* transition form 
factors, we should take into account the mixing of non- 
strange quark component, nn = {uu + dd)/\^, the 
strange one, ss, and the glueball component, G: 



*. 
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cos 6* ipnnik^) - sin 6* ipssik"^) 
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^'^ = cos a' 



sin 6*' -ipnuik^) + cos6'' '(/'ss(fc^) + sinaV^ 



(9) 



The orthogonality condition reads 

cos a cos a' sin(6'' — 61) + sinasina' = , (10) 

determining the mixing angle 9' . In the spirit of the 
quark model, the universality of soft wave functions of the 
0~ nonet is assumed; this implies V'nn(fc^) = '07r(fc^)- For 
the ss-component we take into account the SU(3)flavour 
breaking effect due to the strange/nonstrange quark mass 
difference 



V'.s(fc') = N 
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(11) 
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2 — rn^ with rus 



m 



150 MeV. The 



where A^ 

factor N corresponds to the renormalization of ipssik"^) 

after introducing A. 

Similarly, in the spirit of the quark model, we find 
for the nonstrange and strange components of the soft 
photon wave function: 



1pj-^7m(k ) — -T- - , Ipj^ssik ) 



9yik^ 
k^ + n 



(12) 



Having fixed the nh and ss components of the meson and 
soft photon wave function, we calculate the rj —>■ 77* and 
rj' —> 77* transition form factors: 



Fr. 



v^-yfiQ^) ==cosa [cos0 F^n (Q^) - sin 6 Fss{Q^)] , 
F,y^^^.{Q^) = cos a' [sine' F^niQ^) + cos0' FssiQ^) 



(13) 

The partial width for the transition meson -^ 77* is 
equal to 
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Fig. ^ presents the data for the partial widths T^riiQ"^) 
and Tjri'iQ^) ^S, and their fit with 9, a and a' 
being parameters. The region of the allowed {9, a, a') 
values on the 90% confidence level is shown in Fig. ^ 
(the region I). 
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FIG. 4. Q^ dependence for the ratios (a) r^^(Q^)/ 
r;t'o(Q^) and (b) r^v(Q')/r;':r'o(Q') where r;t'S(Q') is the 
calculated quantity shown in Fig. Ep. The fitted curves cor- 
respond to sin^ a = 0.02, sin^ q' = 0.08, and sin 6 = 0.62. 



II. SEMILEPTONIC DECAYS Ds -^ r)Lv/n'Lv 

Exclusive semileptonic decays D^ —f rjlv/rj'lv probe 
the ss component of "q and rj' and thus provide a test of 
the mixing angle. 

The decay rates are expressed through the mixing an- 
gles 9, a, a' and the form factor /+ of the semileptonic 
transition Dg —> rjlv / rj' Iv . The kinematically accessible 
(/^-regions in rj and rj' decays are < g^ < (M^i, — M^)^ 
and <q'^ < [Md, - M^')^. 

The form factors for the semileptonic transition be- 
tween pseudoscalar mesons P(Afi) — > P{M2) induced b: 
the quark weak transition c -^ s are defined as follows 



(P(M2,P2)|s7mC(0)|P(A/i,Pi)) = f+{q^)P^ + f-iq^)q^. 



(15) 




FIG. 5. Allowed {6, a, Q')-region: slices at different R = 
sin^ a/ sin^ a' . The regions I and II are due to the rj/rj' —* 77* 
and Ds — > rilvj-q'lu constraints, correspondingly. 

In considering the form factor of interest we use the 
dispersion relation formulation of the light-cone quark 
model |10[|: the form factors of the light-cone quark model 
of Ref. ]ll[| at spacelike momentum transfers are repre- 
sented as double spectral representations over the invari- 
ant masses of the initial and final qq pairs, and form 
factors in the timelike region are obtained by analytical 
continuation in q^ . This procedure represents the form 
factors at g^ > through the light cone wave functions of 
the initial and final mesons and allows direct calculation 
of the decay form factors in the timelike region. It should 
be emphasized that we derive the analytical continuation 
in the region q^ < [1712 — mif' . For the constituent quark 
masses used in the Isgur-Wise model |1J] niu = 0.33 GeV, 
iTis = 0.55 GeV, and rric — 1.82 GeV which we adopt for 
considering the decay process, this allows a direct cal- 
culation of the form factor Dg — > 77' transitions in the 
whole kinematical decay region < g^ < {Md^ — M')'^, 
as Afu^ — M' < rric — mg. For the Dg -^ f] transition 
this is not the case as Md^ ~ M^ > rric — rag. For this 
mode we directly calculate the form factors in the region 



TOl) 
^2 



and perform numerical extrapo- 
M„. All relevant 



< g2 < (to2 

lation in {rric — rngY < q'^ < Md 

technical details can be found in [nO|. 

The transition form factors are expressed through the 
light-cone wave functions of the initial and final mesons. 
For 77 and -q' we know such functions from the previous 



consideration. For the Dg meson we assume the Dg wave 
function to be approximated by a simple one-parameter 
exponential function w{k) — exp(— /c^/2/?^) and adopt 
the value /? — 0.56 GeV from the Isgur-Wise model |12[ . 
The results of calculating the form factors in the region 



q^ < {mc 



m 



.) are fitted by the function 



/+(?') = /+(0)/[i-aig' + «2g' 



(16) 



with better than 0.5% accuracy. We found /+(0) = 0.8, 
ai = 0.192 GeV"^ and ^2 = 0.008 GeV"^ 

For the form factor /_|_ in the region {nic — rug)'^ < 
q^ < A/ds — A/,, this formula is used for numerical ex- 
trapolation. Numerical analysis shows the accuracy of 
this extrapolation procedure to be very high. The de- 
cay rates are calculated from the form factors via the 
formulae from ||l3[. The calculated decay rates depend 
on the content of 77 and 77' mesons, and their ratio with 
Wcgl =0.975 reads 



TjDg -^ ijlv) 
T{Dg -> r^lv) 



0.28- 
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It should be pointed out that the obtained decay rates 
are calculated neglecting a nontrivial structure of the 
constituent quark transition form factor. This is a con- 
ventional but rather crude approximation: in particular, 
the quark transition form factor should contain a pole at 
q^ = M^^^ with A/ios the mass of a resonance with appro- 
priate quantum numbers. It is not clear yet whether the 
transition form factor differs significantly from unity or 
not in the kinematical decay region. Anyway, the tran- 
sition form factor is a rising function at q^ > 0. This 
property yields an important consequence for the ratio 
of the decay rates T{Dg — > ri')/r{Ds ^ rj): as the phase 
space of the decay Z?s — > 77 is larger than that of the de- 
cay _Ds — > 77', taking into account the (rising) constituent 
quark form factor will decrease the theoretical value of 
the ratio. We can try to estimate the effect caused by a 
nontrivial form factor taking a simple monopole q^ de- 
pendence: 



fc{q') = 



1 



1 q^/Ml, 



(18) 



Md' =2.1 GeV. This yields the following 



with Afrc 

shift in the predicted ratio 
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CLEO gives T{Dg -^ T]')/T(Dg ^ 77) = 0.35 ±0.16 |l|] 
implying a new restriction on the region of the allowed 
[9, a, a'): the region II on Fig. |5[ 



III. CONCLUSION 

Based on the data for transitions 77/77' -^ 77* fr@] 
and Dg ~> rjlv/ri'lv flj], we have determined the region 



of the allowed mixing angles for 771 , rjs and glueball com- 
ponent in rj and rj' . The determined rji/rjg, mixing angle 
O-p = —17.0° ± 2.6° is in between the values given by the 
linear and quadratic mass formulae. It looks reasonable 
to suppose the glueball component in 77' meson prevails 
that in 77 meson, R = sin a/ sin a' < 1: in this case 
the glueball component probabilities arc in the borders 
sin^ a < 0.08, sin^ a' < 0.12. The significant values of 
the glueball components in ry and rj' are in an agreement 
with enlarged production of these mesons in the radiative 
J/tp decay [Q. We think that the decays J/tp -^ 777/777' 
can provide an additional important information about 
glueball components in 77 and 77'. However these decays 
need a special consideration that is beyond our present 
analysis. 
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